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The conduction band absorption spectrum of interdiffused InGaAs/GaAs
quantum dot infrared photodetectors
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We report on a theoretical study of the relationship between interdiffusion and the conduction band
optical absorption of In(Ga)As/GaAs quantum dots. Quantum dot geometries are progressively
interdiffused based on Fick’s model and the quantum dot strain, band structure and optical
absorption cross-section are calculated numerically. Quantifying the effects of interdiffusion on
quantum dot optical absorption is important for applications that utilize post-growth techniques
such as selective area intermixing.VC 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4729833]
I. INTRODUCTION
The post-growth interdiffusion of self-assembled quan-
tum dots (QDs) can be an important processing step in the
fabrication of devices such as quantum dot infrared photode-
tectors (QDIPs) and QD lasers. Since it is difficult to control
the size and shape of quantum dots through variations in the
growth parameters, post-growth annealing can be an attrac-
tive method to optimize the band structure and tune the
absorption spectrum.1–7 Also, selective area interdiffusion
can be utilized in the development of multi-colour infrared
photodetectors and lasers.8–10 Therefore, it seems worth-
while to quantify the relationship between interdiffusion and
changes in the band structure and optical absorption of QDs.
The theoretical dependence of quantum well band structure
on interdiffusion has previously been evaluated in
detail,11–17 whereas there are far fewer studies on the effects
of interdiffusion on QDs.18–21 The three-dimensional carrier
confinement and the large strain of self-assembled QDs
result in a band structure and absorption spectrum that is
considerably more complex.
Recently, Srujan et al.18 investigated the effects of inter-
diffusion on the band structure of InAs/GaAs QDs to under-
stand how annealing influences the photoluminescence
spectrum. We build upon the work of Srujan et al. by evalu-
ating the conduction band optical absorption and directly
including the effect of QD strain on the band structure by
solving a continuum elastic model with a finite element
method. The general effects of interdiffusion on the energy
levels and the absorption cross-section of various In(Ga)As/
GaAs QD geometries are evaluated.
II. MODEL DETAILS
The interdiffusion of InxGa1xAs/GaAs QDs is modeled
since this material system has been most widely used in the
development of QD devices. In addition, the large QD strain
can have an interesting dependence on interdiffusion which
makes it worthwhile to study. It is straightforward to apply
the single band effective mass model to the calculation of
QD bandstructure and is known to have quite good accuracy
for the conduction band states and is therefore chosen for
this study. For a comparison of the single band model to the
more accurate 8 band k.p model applied to InAs/GaAs QDs
see Ref. 22. Since a single band effective mass calculation of
the valence band is far less reliable, only calculations of the
conduction band are performed. The conduction band edge
potential is strongly affected by strain (predominantly the
hydrostatic component of strain) which an accurate model of
interdiffusion must take into consideration. Eigenstates of
the following single band effective mass Hamiltonian includ-
ing a correction due to strain are determined numerically by
a basis function expansion method,
H^ ¼  h
2
2
$  1
mðrÞ$þ VCBOðrÞ þ acðrÞehydðrÞ
 
; (1)
where mðrÞ is the electron effective mass, VCBOðrÞ is the
conduction band-edge potential, acðrÞ is the conduction band
deformation parameter, and ehydðrÞ is the hydrostatic compo-
nent of strain. A given QD composition geometry is interdif-
fused based on Fick’s model. After interdiffusion, a
continuum elastic strain model is solved by a finite element
method, from which ehydðrÞ is obtained. Also, from the dif-
fused material composition profile mðrÞ, acðrÞ, and VCBOðrÞ
are generated according to the equations,
mðrÞ=me ¼ 0:067ð1  xÞ þ 0:04x; (2)
VCBOðrÞ ¼ 0:89x 0:477xð1:0  xÞ ðeVÞ; (3)
acðrÞ ¼ 5:08x 7:17ð1:0  xÞ  2:61xð1:0  xÞ ðeVÞ;
(4)
where me is the mass of an electron and x is the indium com-
position of InxGa1xAs. These are standard values
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from the effective mass of InAs, for which a modified value
of 0.04me is used to account for the effect of strain on the
electron effective mass.24 Quantum dots of a truncated cone
shape (as depicted in Fig. 1) are studied which give the Ham-
iltonian a cylindrical symmetry allowing a reduction in the
number of independent dimensions from 3 to 2. Since self-
assembled In(Ga)As/GaAs QDs always form on a wetting
layer (WL), it is also included in the model.
Wavefunctions are expanded as a sum of basis functions
of the following form,
vnj;m ¼ Cn;jJnðknj q=RÞexpði2pmz=LÞexpðinhÞ; (5)
where JnðqÞ is the Bessel function of the first kind of integer
order n, Jnðknj Þ ¼ 0 is the jth zero of the Bessel function and
R is the calculation domain radius and L is its length. The in-
teger n is the orbital angular momentum number, which due
to the cylindrical symmetry is a good quantum number. This
allows the calculation of QD eigenstates of any given angu-
lar momentum by setting the corresponding value of n. The
Cn;j terms are normalization constants,
Cn;j ¼ 1jJjnjþ1ðknj ÞjR
ﬃﬃﬃﬃﬃﬃ
pL
p : (6)
The calculated energy eigenstates are labelled as, Enp,
where p specifies the energy state number of those states
with the orbital angular momentum number n. After the
Hamiltonian matrix is diagonalized and the eigenstates are
determined, the intersubband transition cross-section, r, is
calculated by applying Fermi’s rule. The following equation
is used to calculate the absorption cross-section,
rðEÞ ¼ 2pe
2h2
nce0x
i
1
2
1
mðrÞ e  $þ e  $
1
mðrÞ
 
f
 	

2
(7)
1
D
ﬃﬃﬃ
p
p exp Ef  Ei  E
D
 2
; (8)
where e is the charge of an electron, n ¼ 3:1 is the refractive
index of GaAs, c is the speed of light in vacuum, e0 is the free
space permitivity, x is the optical frequency of the transition,
and e is the polarization of light. To model the inhomogene-
ous line-width broadening due to a quantum dot size fluctua-
tion, the Gaussian function 1D
ﬃﬃ
p
p expðððEf  Ei  EÞ =DÞ2Þ
replaces a delta function. For all calculations in this work, D
is set to 21  ðEf  EiÞ=Econf meV for all transitions that are
bound-to-bound (BB), where Econf is the energy of the QD
ground state with respect to the unstrained GaAs conduction
band-edge. For all bound-to-continuum (BC) transitions, D is
set to 21 meV, giving a FWHM of 35 meV. Often a modified
version of Eq. (7) is used to calculate the absorption spectrum
of QWs and QDs in which mðrÞ is set to a constant value
equal to the QW or QD material, mðrÞ ¼ mQW=QD.25 The jus-
tification being that only the effective mass of this region is
important since the ground state wave function is mostly con-
fined to this region. For interdiffused QDs, the effective mass
becomes position dependent throughout the QD region and
therefore it is not clear as to what value to adopt for mQD.
Equation (7) overcomes this difficulty and is symmetric under
the interchange of the initial and final states which is expected
to be a physical requirement.
Since the QD base width is significantly larger than the
height, the absorption spectrum for light that is polarized in
the z-direction is substantially different for light that is polar-
ized in the radial plane and calculations have been performed
for both polarizations. The size of the calculation domain (L
and R) can influence the optical absorption spectrum, partic-
ularly for transitions to the GaAs barrier states. For all QD
geometries, calculations have been performed to ensure that
L and R are sufficiently large to have minimal influence on
the absorption spectrum.
III. RESULTS AND DISCUSSION
Depending on the growth technique and parameters,
self-assembled In(Ga)As/GaAs QDs of a limited range of
sizes and shapes can be grown. Usually, the QD base width
(QDBW) is within the range of 15-25 nm and the height
(QDH) is between 3 and 7 nm.
26,27 Throughout this work,
calculations are performed for 3 different QD geometries
(QD1-QD3) as listed in Table I. The geometries of QD1 and
QD3 have been chosen to result in a larger confinement
energy which results in z-polarized optical transitions from
the QD ground state to excited states that are bound. QD2
has a smaller confinement energy leading to dominant opti-
cal transitions to excited states that are non-bound GaAs bar-
rier states. QD1 and QD2 are In0.5Ga0.5As/GaAs QDs
whereas QD3 is comprised of InAs.
Before studying the effects of interdiffusion, an under-
standing of the band structures of QD1 is first sought. The
absorption cross section and the potential profile as modified
by strain of QD1 are shown in Figure 2. Strain significantly
FIG. 1. The QD geometry and the dimensions of the calculation domain as
used in the band structure calculations.
TABLE I. The geometries of the 3 QDs that are studied in this work.
QDBW (nm) QDTW (nm) QDH (nm) LWL (nm) In frac
QD1 18 10 7 1 0.5
QD2 18 10 5 1 0.5
QD3 15 7 8 0.5 1.0
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increases the QD potential and reduces the offset of the
GaAs barrier and QD region from a value of 0.56 eV to an
average value of about 0.27 eV. The effect of strain makes
it difficult to grow In(Ga)As/GaAs QDs with a deep confine-
ment energy. The first four excited energy states E01;   E04
contribute significantly to the z-polarized absorption spec-
trum. Only the E10 state contributes to the normal incidence
absorption spectrum. Plots of these wavefunctions are shown
in Fig. 3. In the case of QD1, the lack of symmetry in the
z-direction and the presence of the WL result in z-polarized
optical absorption to wavefunctions that display simultane-
ous oscillations in the radial and z-directions. Absorption
occurs to states with wavefunctions that occupy both the WL
and the QD. If the size of the calculation domain was infinite
these states would form a continuous band. The higher
energy states E03 and E
0
4 are similar to E
0
1 and E
0
2 in that a
large proportion of the wavefunction occupies the WL and
displays oscillations in the radial direction, however, they
also have a more prominent oscillation in the z-direction
within the QD region. The net effect of the WL and the lack
of symmetry in z-direction are a broad absorption peak with
a FWHM of 63 meV. This is much larger than the FWHM of
35 meV which is imposed upon bound-to-continuum transi-
tions by the computational routines. The Thomas-Reiche-
Kuhn f-sum rule which is typically applied to atomic optical
transitions states that the total integrated absorption strength
for an atomic transition is equal to a constant value,
X
f
2mexf i
h
jhf jx^jiij2 ¼ 1; (9)
where the summation is over all possible final states, jf i and
xf i ¼ ðEf  EiÞ=h is the transition frequency. Within the sin-
gle band effective mass model, the f-sum rule also applies to
semiconductor intersubband optical transitions. For a semi-
conductor structure with a constant effective mass, the
absorption cross-section when integrated with respect to
energy is equal to ðpe2hÞ=ðnce0mÞ. For a QD where the
ground state wavefunction mostly occupies the QD region,
the integrated absorption cross section will be close to this
value, for which m ¼ mQD. Therefore, the QD geometry has
minimal impact upon the total absorption strength. However,
if part of the absorption spectrum correlates to final energy
states that are strongly bound to the QD/WL, then carrier
escape can be inhibited. This can result in a reduction of the
internal quantum efficiency of a QDIP. The normal incidence
absorption spectrum is completely dominated by transitions
to the lowest energy n¼ 1 state (E10). The very good spatial
overlap between the E00 and the E
1
0 states determines that the
E10 state is the only one that has a significant oscillator
strength with E00 for x-y polarized light. The E
1
0 state is
strongly bound to the QD and therefore QDIPs do not usu-
ally register a photocurrent from this state. The f-sum rule
implies that for the typical QD densities obtained by self-
assembled growth (few 1010 cm2), the large responsivities
(>1 A/W) reported for some QDIPs28–33 is most certainly
due to a larger photoelectric gain. For example, 10 QD layers
with a sheet density of 5  1010 cm–2 per layer will have a
peak absorption of at most approximately 0.76% for an
absorption linewidth of 35 meV and a QD effective mass of
0.04 me. A potential enhancement to a QDIP photoresponse
occurs by light taking multiple passes through the active
FIG. 2. The intersubband optical absorption cross section of QD1 for both
radial and z-polarized light. The location of the first four z-polarized transi-
tion energies is indicated. Shown in the inset is the effective potential
through the center of the QD and the location of the energy states that
strongly feature in the optical absorption.
FIG. 3. The square of the wavefunction magnitude of the QD1 eigenstates
that predominantly feature in the optical absorption cross section.
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region. Incident light which is not absorbed on the first pass
can reach the back of a semi-insulating substrate and reflect
back towards the active region, possibly resulting in numer-
ous passes by total internal reflection.33
The band structure of QD2 has similar features to QD1,
the main difference being that z-polarized light predomi-
nantly induces transitions between the QD ground state and
a band of GaAs barrier states. The absorption spectrum and
conduction band diagram are shown in Figure 4. The
absorption peak occurs at an energy that is 27 meV above
the unstrained GaAs barrier potential, which is quite a large
value and is partly due to the modification that strain makes
to the GaAs barrier potential in the vicinity of the QD as
evident in the inset of Fig. 4. This sort of effect can result in
excessive dark current for a QDIP device since the barrier
to the thermionic emission of electrons can be significantly
less than the absorption peak energy, particularly if dark
current electrons are emitted from the WL or tunnel through
the thin region of GaAs barrier material surrounding the QD
that has an increased potential due to strain. The FWHM of
the z-polarized absorption peak of QD2 is very similar to
QD1 with a value of 63 meV. It is interesting to note that
the energies of the QD1 E00   E04 states are very similar to
those of QD2 compared to the much large absorption
peak energy of QD2 for z-polarized light. Transitions to
a band of states with wavefunctions that occupy the WL
which occur for QD1, also occur for QD2, however, the
total absorption cross section to these states is much weaker
since the z-dipole of these states is reduced due to the
smaller height of QD2. This causes the absorption peak of
QD2 to occur at a larger energy. The calculated absorption
spectra of the single band model generally correlate well
with measured values of QDIPs with similar QD geome-
tries. For example, the peak energy of QD2 of 0.184 eV
(6:76lm) is very similar to the measured absorption peak
energy of the 0.211 eV ð5:9lmÞ of the In0.5Ga0.5As/GaAs
QDIP reported in Ref. 34.
A. Interdiffusion
The QD interdiffusion is assumed to obey Fick’s law
which is given by,
@Cðr; tÞ
@t
¼ Dr2Cðr; tÞ; (10)
where C is the concentration of some material type (in this
case indium) and D is the diffusion constant. The amount of
interdiffusion can be specified by a diffusion length, dl,
dl ¼
ﬃﬃﬃﬃﬃﬃﬃ
TD
p
; (11)
where T is the time over which the material is diffused. The
optical absorption cross sections of QD1 and QD2 for vari-
ous diffusion lengths are shown in Figs. 5 and 6, respec-
tively. The differential energy shifts of the lower energy
FIG. 4. The intersubband optical absorption cross section of QD2 for both
radial and z-polarized light. Shown in the inset is the effective potential
through the center of the QD and the location of some energy states.
FIG. 5. The radial and z-polarized absorption cross section of QD1 for vari-
ous diffusion lengths. The inset displays the energy shifts of the lower
energy states and absorption peak energy as a function of diffusion length.
FIG. 6. The radial and z-polarized absorption cross section of QD2 diffused
by various diffusion lengths. The inset displays the energy shifts of some
energy states and the absorption peak energy as a function of diffusion
length.
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states as a function of interdiffusion are also shown in the
inset figures. Clearly, interdiffusion can induce large energy
shifts in the spectral response, particularly for z-polarized
light.
Interdiffusion alters the QD effective mass Hamiltonian
through three main mechanisms. The change in QD compo-
sition induced by interdiffusion directly alters the effective
mass and unstrained potential. Interdiffusion also alters
strain and therefore the influence that strain has on the con-
duction band potential. The effect of a small amount of inter-
diffusion on QD energy levels can be understood through
time-independent first-order perturbation theory,
DE ¼ hwjH^0  H^jwi; (12)
where w is the envelope wavefunction of a state of interest,
DE is the 1st order change in energy, and H^0 is the Hamilto-
nian of the interdiffused QD.
DE ¼ w V0ðrÞ  VðrÞ þ h
2
2
$
mðrÞ  m0ðrÞ
mðrÞm0ðrÞ r

w
 	
; (13)
where V0ðrÞ and m0ðrÞ are the strained conduction band
potential and effective mass of the interdiffused QD,
respectively.
Figure 7 displays DV ¼ V0  V of QD1 with a diffusion
length of 10 A˚. It can be seen that the DVðrÞ function is posi-
tive within the QD region and negative within the surround-
ing region. Since the sign of DV changes across the QD
boundary, the first order change in energy of an eigenstate
depends on the rate of change of the magnitude of the wave-
function within the vicinity of the QD/barrier interface,
where the interdiffusion occurs. The QD ground state wave-
function decays most rapidly into the GaAs barrier and there-
fore its energy is sensitive to interdiffusion. Although the
excited states have wavefunctions with a greater magnitude
at the QD/barrier interface, they have a reduced sensitivity
because the rate of wavefunction decay into the barrier is
less. Also, changes in the conduction band potential induced
by interdiffusion are greater for regions outside of the QD
boundary, compared with regions within the QD boundary.
This is partially due to the nonlinear dependence of the
unstrained InxGa1xAs conduction band potential on the in-
dium fraction. Therefore, the decrease in potential for
regions outside of the QD exceeds the increase for regions
within the QD boundary which leads to a reduced sensitivity
of the excited state energies on interdiffusion. In addition,
interdiffusion increases the effective mass for regions within
the QD which has a tendency to decrease the energy of
bound states. In addition to energy level shifts, interdiffusion
influences the absorption spectrum by changing the oscillator
strength of the individual transitions. For example, a diffu-
sion length of 20 A˚ causes a reduction of QD1’s z-polarized
spectral response FWHM from 63 meV to 29 meV and a sin-
gle excited state (E02) is found to dominate the absorption
cross section. Since the WL is thin, interdiffusion causes a
very fast increase of its potential. Therefore, the band of
states with wavefunctions that occupy the WL increase in
energy and have a smaller energy range. In effect, the sym-
metry of the QD in the z-direction increases. The net result
is that a single state with a large z-dipole dominates the
absorption spectrum. A plot of the E02 state which dominates
the absorption spectrum of QD1 for a diffusion length of
20 A˚ is shown in Figure 8. The nature of this wavefunction
can be compared with the E02 state for an undiffused QD1
(Figure 3).
It is interesting to note that with a large diffusion length
of 20 A˚, the nature of QD2 transitions induced by z-polarized
light change from bound-to-continuum to bound-to-bound.
Similar to QD1, for a diffusion length of 20 A˚, a single quasi-
bound state (E03) dominates the absorption spectrum of QD2.
This leads to a reduction of the spectral response FWHM
from 63 meV to 34 meV. In addition, the reduction of the
absorption peak energy far exceeds the change in energy of
the QD ground state since the final state energy for large dif-
fusion lengths is 12 meV below the unstrained GaAs barrier
band edge, whereas the absorption peak of non-interdiffused
QD2 is 27 meV above the unstrained barrier band edge. For
large diffusion lengths, the QD potential becomes spread out
in the z-direction and therefore a bound excited state with a
large z-dipole is supported. The larger strain of InAs/GaAs
QDs has a stronger effect on the energy level dependence on
FIG. 7. The modification of the potential of QD1 due to diffusion length of
10 A˚. The potential profile is taken through the center of the QD.
FIG. 8. QD1 wavefunction of the E02 state for a diffusion length of 20 A˚.
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interdiffusion. Shown in Figure 9 is the absorption spectrum
of QD3 for various diffusion lengths and the differential
change in the energy of a few states. Small amounts of inter-
diffusion actually result in a reduction in the QD ground state
energy and excited states show a reduction in energy over a
larger range of interdiffusion. A decrease in energy with
interdiffusion is unexpected and is partially attributed to QD
strain relaxation. Figure 10 is a plot of the change in potential
of QD3 due to a diffusion length of 10 A˚. The change in
potential within the center of the QD is negative which has a
tendency to reduce the energy of states that occupy this
region. The results of strain calculations as shown in Figure
11 indicate that interdiffusion reduces the hydrostatic strain
within the center of the QD even for regions of the QD that
have no significant amounts of intermixing. For all three
QDs, the normal incidence spectral response peak energy has
a fairly small sensitivity to interdiffusion. The normal inci-
dence excited state (E10) of the interdiffused QDs remains
deeply confined and is therefore unlikely to contribute to the
photocurrent of QDIPs. To develop a QDIP that has an inher-
ent normal incidence absorption, novel QD growth techni-
ques are required which place the E10 state near the barrier
band edge, such as submonolayer deposition.35
Making a direct comparison between the calculated
band structure of interdiffused QDs and reports on experi-
mental studies of interdiffused QDIPs is difficult since the
degree of intermixing of annealed QDs is often unknown.
Calculating the diffusion length induced by annealing QDs is
often impossible since the diffusion processes is heavily de-
pendent on any disorder such as point defects which might
be present as well as the QD strain. However, the general de-
pendence of QDIP spectral response on annealing can be
compared with the calculated results presented here. In
almost all cases, annealing results in a red shifting of the
measured spectral response of In(Ga)As/GaAs QDIPs which
is in agreement with calculation. The annealed In0.5Ga0.5As
QDIP reported in Ref. 36 displays a spectral response peak
energy shift from 202 meV (6:2 lm) to 167 meV (7:4lm) for
a 30 s anneal at 800 C. Assuming the QDs have a similar ge-
ometry to QD2, such an energy shift would correspond to a
diffusion length of between 5 and 10 A˚. The QDs of the
QDIP annealed in Ref. 5 have a similar geometry to QD2
with the addition of thin In0.15Ga0.85As QWs inserted above
and below the QDs which is expected to have a minor impact
on the spectral response. An 850 C anneal red shifts the
spectral response peak from 177 meV (7:0 lm) to 134 meV
(9:3 lm) which corresponds to a diffusion length of about
10 A˚.
It should be noted that depending on the growth condi-
tions it is expected that QDs will in general have a nonuni-
form indium distribution37,38 and interdiffusion might
not strictly follow a Fickian model.39 However, the results
presented here are expected to provide a good qualitative
and a somewhat quantitative guide to the effects of interdif-
fusion on the conduction band absorption spectra of
In(Ga)As QDs.
FIG. 9. The z and radially polarized optical absorption spectral of QD3 for
various diffusion lengths. The inset figure displays the differential shifts in
the lowest 4 energy levels and the absorption peak energy.
FIG. 10. The modification of the potential of QD3 due to diffusion of 10 A˚.
The potential profile is taken through the center of the QD. The decrease in
the potential within the center of the QD is due to a relaxation of the strain.
FIG. 11. The hydrostatic component of strain of QD3 for various diffusion
lengths. Interdiffusion induces a relaxation of strain in excess of the changes
in the composition for regions in the center of the QD.
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IV. CONCLUSIONS
In summary, the effects of interdiffusion on the conduc-
tion band absorption spectrum of In(Ga)As/GaAs QDs have
been calculated within the single band effective mass model
with the effects of QD strain taken into consideration
through solution of an elastic continuum model by a finite
element method. It was found that the lack of QD symmetry
in the growth direction and the presence of the wetting layer
can result in a broad in-plane polarized QD absorption spec-
trum, even for QDs that predominantly feature bound-to-
bound transitions. In general, interdiffusion results in a sig-
nificant reduction of the in-plane polarized absorption spec-
trum peak energy for all QD geometries studied. For QDs
that feature bound-to-continuum in-plane polarized transi-
tions, interdiffusion lowers the final state energy and a single
quasi bound state comes to dominate the absorption spec-
trum. The large strain of InAs QDs has a complicated effect
on the confinement potential and it was found that interdiffu-
sion can in-fact result in the reduction in the energy of QD
states due to strain relaxation. In all cases of calculation, the
total integrated absorption spectrum was found to have a
very weak dependence on QD geometry or interdiffusion
because the Thomas-Reiche-Kuhn f-sum rule applies to the
single band effective mass model for nano-structures with a
constant effective mass.
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